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A brief introduction to NURBS

A knot vector

A C = (ct1,...,cm)" is a nondecreasing vector of m real-valued coordinates in
the parameter space such that
m=n+p+1,

where n is the number of basis functions used to construct the B-spline curve and p is the
polynomial order. Partitioning of the parameter space into can be either or

. A knot vector is said to be if its first and last knot values are repeated
p+ 1 times.
Example

p=3m=13,n=9, (0,0,0,0,1,2,3,4,5,6,6,6,6)T
p=3,m=15n=9, (0,0,0,0,1,2,3,3,3,4,5,6,6,6,6)7 - knot 3 repeated 3 times

)
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A brief introduction to NURBS

B-spline basis functions

The of the degree zero (p = 0) is defined as a piecewise constant

]-7 Cj S § < G 1,
Nio(§) = { i

0, otherwise,

for i =1,...,n. The higher order B-spline basis functions are defined recursively as
—_— C- C —_
Nip(§) = L’Vi,pfl(ﬁ) + Llf/\/fﬂ,pfl(ﬁ),
Citp — Ci Citp+1 — Ci41

fori=1,2,...,nand p=1,2,3,.... Some properties:
the basis functions N (&) are all piecewise polynomial,

the sum of all basis functions >>7_; N; ,(&) for £ € [c1, cm] is equal to a function being
identically equal to one,

all basis functions are non-negative, i.e. N; (&) > 0 for all &.
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A brief introduction to NURBS

B-spline curve

A in R is defined as a linear combination of B-spline basis functions, the
vector-valued coefficients are referred to as . Given n basis functions
Nip(€),i=1,2,...,n and corresponding control points P; € RY,i=1,2,...,n, a piecewise

polynomial B-spline curve of order p is given by
n
C(&) =D Nip(E)P:. (1)
i=1

Example
2D cubic curve
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A brief introduction to NURBS

NURBS basis functions

Let w= (wi,wo,...,w,)" bea such that w; > 0 for i =1,2,...,n. Then, we
define by

RP() = w;Ni p(€)

=1 wiNj p(€)°

Some properties
the basis functions RP(€) are piecewise rational; since it is defined as a ratio of two
piecewise polynomials of order p, it is also often referred to as having order p and
common names (p = 2) basis function, (p = 3) and similar are often
used in this sense,
the sum of all basis functions >-7_; RF(£) is equal to a function being identically one,
all the basis functions RP(&) are nonnegative,
every basis function RP(¢) has the same support as the corresponding N; ,(&).

A is defined similarly as the B-spline curve

() = Y- RP(EP:
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Examples of NURBS basis functions

A cubic (p = 3) B-spline basis with open, uniform knot vector

[ €=1(0,0,0,0,1,2,3,4,5,6,6,6,6)
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Examples of NURBS basis functions

A cubic (p = 3) NURBS basis with open, uniform knot vector

" C=(0,0,0,0,1,2,3,4,5,6,6,6,6), w = (0.87,0.48,0.66, 0.74,0.51, 0.4, 0.68, 0.11, 0.5)
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Examples of NURBS basis functions
A quadratic (p = 2) B-spline basis with open, non-uniform knot vector
10-C:(0307071727 ’ )4’57676’6)
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Examples of NURBS basis functions

A quadratic (p = 2) NURBS basis with open, non-uniform knot vector

€ =(0,0,0,1,2,53,3,4,5,6,6,6), w = (0.01,0.81,0.86,0.14,0.58, 0.54,0.21, 0.83,0.78)
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Fitting NURBS to functions

Given a knot vector C and the order p, we are looking for the best fit to the function f(¢),
€ € [c1, cm] either by a B-spline — a linear combination of n = m — p — 1 B-spline basis
functions N p(€),

fos(€) =D~ 3ilN; p(8),
i=1

where coefficients 3; are to be determined, or by a NURBS

~

Fin(€) = Y BiRP(9),
=1

where b; and the weights w; > 0, i =1,2,...,n are also to be determined. The best fit will
be measured by the

b = —— [ (O - @P A and e = —— [ 77O~ hun()P e

Cm—C1Jg Cm — Cl Jg

where €, is minimized with respect to the weights w;.
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FACULTY

D> or appLIED sCIENCES DEPARTMENT OF NURBS fit to a smooth function
oF wees Bonewa MATHEMATICS discount curve f(€) = e¢, £ €0, 6]

NURBS fit (p=3, n=9)

1 Fitted NURBS weights (i =1,...,n;,n=9)
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S

p=3m=13, n=09, & = 2.7751e-05 and &y, = 5.8463e-07
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NURBS fit to a non-smooth but continous function
f(g) = max(3 - 57 O)v 5 € [07 6]

NURBS fit (p=3, n=9) NURBS fit (p=3, n=9)
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p=3 m=13 n=09, & = 6.3688e-03 and &, = 2.8930e-05
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> orserueoscences | DEPARTMENT OF NURBS fit to a discontinuous function
UNIVERSITY
OF WEST BOHEMIA MATHEMATICS digital option payoff £(€) =1 for € > 3 and zero otherwise

NURBS fit (p=3, n=9) Fitted NURBS weights (i = 1,...,n; n — 9)
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p=3 m=13, n=9, éps = 5.6854e-02 and €,,, = 4.7959e-04

5.6.2018 Jan Pospisil: Fitting NURBS to Financial Curves 14 / 24


http://www.fav.zcu.cz/en
http://www.kma.zcu.cz/en

Fitting NURBS to functions

Typical implied volatility fits
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FACULTY

D> or appLIED sCIENCES DEPARTMENT OF ISOgeometrIC analySIS
UNIVERSITY
OF WEST BOHEMIA MATHEMATICS Finite element method (FEM) with NURBS basis functions

Although the rectangular domains considered in option pricing equations are rather simple

from the geometrical point of view, price surfaces obtained as a solution to these equations
can be on the other hand quite complex.

‘Jon paiduw)

9old I’

implied volatility surface (smile) price surface (hockey stick)
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FEM with NURBS basis functions

Considered models

Constant volatility models - fundamental works

Stochastic volatility models

Approximative fractional stochastic volatility jump diffusion (AFSVJD) model
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FEM with NURBS basis functions

One-dimensional problem

In Merton (1976) model we arrive at the problem of solving the localized PIDE for unknown
function f : [0, T] x [0,5] — R{

fr(, s)—EJ s? fss(T,5) —

(r )sts(r,s) + rf(r,s)

f(r.5) =
fs(7,5) = hn
f(0,s) =

€(0,7),s€(0,5),

selp,
SGFN,

where ) £ 'p € {0,5} and 'y C {0,5}. In the underlying stochastic model, jumps occur at

Poisson distributed times with intensity

mean gy and variance 03, we set

5.6.2018

=e + = —1 and e -
B = exp {,UJ 597 e(y) = aJ\/ﬂ XP{
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and their log-sizes are normally distributed with

(y — MJ)z}.

2
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| 4 ;ﬁc;xljl’frlmscmmcss DEPARTMENT OF FEM With NURBS baSiS funCtionS
oF wesT Boewia MATHEMATICS Merton model - solution

Merton model: NURBS FEM solution (p=3, n=35)

Merton model: NURBS FEM solution (p=3, n=35) in 7 = 1

100 T T T T T
100
80 +
60
40 +

20 +

5.6.2018 Jan Pospisil: Fitting NURBS to Financial Curves 19 / 24


http://www.fav.zcu.cz/en
http://www.kma.zcu.cz/en

FEM with NURBS basis functions

Multi-dimensional problem

In AFSVJD (Pospisil and Sobotka, 2016) model, the pricing PIDE for unknown function
f:10,T] x[0,5] x [0,¥] — R}

where p(v) = k(0 — v), g(v)

1 1
f‘r - §V52 f:ss - PCI(V)\/VS f:sv - qu(v)fvv
—(r )sfs — p(v)f, + rf—
=0, 7€(0,T),s€e(0,5),ve(0,v),
f(r,s,v) = hp(t,s,v), (s,v)€eTlp,
Vi(r,s,v) - np = hn(r,s,v), (s,v) € Tlp,
f(0,s,v) = ¢(s, v),

= eM=1/25,/v, € — 0 is the approximation parameter and H € [1/2,1)

is the Hurst parameter.

If we take H = 1/2, we get the Bates (1996) model as a special case.
If we take H > 1/2, the stochastic volatility process has the so called

Similarly we can proceed with the variation formulation and discretization.

5.6.2018
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FACULTY

OF APPLIED SCIENCES DEPARTMENT OF FEM With NURBS baSiS funCtionS
OF WEST BOHEMIA MATHEMATICS AFSVJD model - solution

100

5.6.2018

80 +

60

40

20 +

SVJID model: NURBS FEM solution (p=3, ns=30, nv=30)

SVJD model: NURBS FEM solution (p=3, ns=30, nv=30) for 7 =1
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Conclusion and further issues

Fitting results:

5.6.2018

multiplicity of knots can be easily used for example to describe also non-smooth payoff
functions,

rationality of NURBS give us much greater flexibility (compared to the standard
B-splines) in describing complicated solutions of pricing equations,

we can fit NURBS directly to the semi-closed pricing formulas.

(FEM with NURBS basis functions) results:

numerical solution of the Merton and AFSVJD model for European call/put option
compared to the solution obtained by a semi-closed formula,

very small number of space discretization steps can be used to obtain sufficiently
accurate results,

in general we get more precise results using higher order basis functions and using less
discretization points.
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Conclusion and further issues

Further and open issues:

convergence for general PIDEs,

more complex time-iterative schemes such as

pricing that leads to a solution of the partial integro-differential
variational inequalities,

(GACR Grant GA18-16680S, 2018-2020).
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> OF APPLIED SCIENCES DEPARTMENT OF
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Thank you for your attention!

J. POSPISIL AND V. SVIGLER (2017). Isogeometric analysis in option pricing.
Manuscript resubmitted 04/2018.

5.6.2018 Jan Pospisil: Fitting NURBS to Financial Curves 24 /24


http://www.fav.zcu.cz/en
http://www.kma.zcu.cz/en

	A brief introduction to NURBS
	Examples of NURBS basis functions

	Fitting NURBS to functions
	NURBS fit to a smooth function
	NURBS fit to a non-smooth but continous function
	NURBS fit to a discontinuous function

	Finite element method with NURBS basis functions
	Conclusion and further issues

