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Abstract

Wavelets and a discrete wavelet transform were originally defined on an infinite
interval. Therefore if they are applied to a bounded interval the boundary
effects often occur. These effects can be eliminated by using wavelets adapted
to the unit interval. In our contribution, we propose a construction of Cohen-
Daubechies-Feauveau 9/7 wavelets on the unit interval.

1 Introduction

Originally, wavelets were constructed on the whole real line and the discrete wavelet transform
was defined for an infinite signal. In many applications, wavelets on a bounded domain are
used and the discrete wavelet transform is applied to a finite signal. The starting point of the
construction of wavelets on a general domain is the construction of wavelets on the interval. It
insists in retaining basis functions from L? (R) whose support is contained in the interval and
suitable adaptation near the boundaries. Then the filters for the discrete wavelet transform are
retained for the interior part of the signal and special filters are used near the boundaries. Spline
wavelets and orthogonal wavelets on the interval were constructed in many papers [4, 5, 7, 8, 9].
General biorthogonal wavelets on the interval were designed in [1].

In this paper, we focus on Cohen-Daubechies-Feauveau wavelets with the low-pass filters
of the length 9 and 7 (CDF 9/7) designed in [3], which are the most popular wavelets for a
wavelet-based image compression. Since the CDF 9/7 wavelet basis adapted to the interval
according to [1] is badly conditioned, we propose an adaptation of this wavelet basis to the
interval, which leads to a better conditioned wavelet basis. The condition number of the basis
plays an important role. It guaranties the stability of the computation and it affects the constants
in error estimates.

2 Wavelet Bases

First we introduce concepts from the wavelet theory and notations. We consider the domain
Q C R? and the space L?(f) and we denote by (-,-) and ||-|| the L2inner product and the
L2—norm, respectively. Let J be at most countable index set and let each index A € J take the
form \ = (j,k), 7,k € Z, where |\| := j is a scale or a level. Let

2(7) = {U:{U)\})\EJZ’U)\ERaDd Z|v>\|2<oo}. (1)

AET
A family ¥ := {5, A\ € J} C L?(Q) is called a wavelet basis of L? (), if

i) W is a Riesz basis for L? (), i.e. the closure of the linear span of ¥ is complete in L? ()
and there exist constants ¢, C' € (0, 00) such that
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|l < < Cbllzzy, b={b}es€ (7). (2)

Constants ¢, := sup{c: c satisfies (2)}, Cy = inf{C : C satisfies (2)} are called Riesz
bounds and cond W = Cy/cy, is called the condition number of W.



ii) The functions are local in the sense that diam (£2,) < C2~1M for all X € 7, where Qy is the
support of ¥, and at a given level j the supports of only finitely many wavelets overlap
in any point x € (2.

By the Riesz representation theorem, there exists a unique family ¥ = {LE,\, reJ } in L2 (Q)
biorthogonal to ¥, i.e. <1/11‘,k71/~1j,l> = 0; 0, for all (i,k),(j,1) € J. This family is also a Riesz
basis for L? (2). The basis VU is called a primal wavelet basis, U is called a dual wavelet basis.

In many cases, the wavelet system W is constructed with the aid of a multiresolution analysis.
A sequence S = {Sj}j>j0 of closed linear subspaces S; C L* () is called a multiresolution or
multiscale analysis, if S;; C Sjo41 C ... C Sj C Sj+1 C ... L* () and U;>j,S; is complete in
L2 ().

The nestedness and the closedness of the multiresolution analysis implies the existence of the
complement spaces Wj such that Sj11 = S; @ W;. We assume that S; and W, are spanned by
sets of basis functions ®; := {¢; 1,k € Z;} and ¥; := {9 1, k € J;}. Here, I; and J; are at most
countable index sets. We refer to ¢, as scaling functions and 1;, as wavelets. The wavelet
basis of L? (Q) is obtained by ¥ = &;, U i>jo Vj- The dual wavelet system ¥ generates a dual

multiresolution analysis S with dual scaling bases (iDj and dual single-scale wavelet bases \Iij.

Polynomial ezactness of order N € N for the primal scaling basis and of order N € N for the
dual scaling basis is another desired property of wavelet bases. It means that Py_; (2) C 5
and Py, (Q) C S;, where P,,, (Q) is the space of all algebraic polynomials on Q of degree less
than or equal to m.

From the definition of spaces S; and W it follows that there exist refinement matrices M,
M; 0, M1, and M;; such that

©j = MJ®ji1, &5 =M Pjp1, Uj =M @)1, ¥j =M. (3)
The discrete wavelet transform consists of applying M]T = (M, ijl)T.

3 Wavelet basis in L? (R)

Wavelet bases on the interval are derived from the wavelet bases for the space L? (R). A function
¥ € L% (R) is called a wavelet for the space L? (R) if the family ¥ := {@bj7k}j ez Where vk () =

21/24) (ij — k:), r € R, is a Riesz basis in L? (R). The functions ;1 are also called wavelets.

Let S; be the closure of the span of the set {¢;,l < j,k € Z} and let us suppose that there
exists a function ¢ such that ®; := {¢; . k € Z}, ¢;x (z) := ¢ (272 — k), # € R, is a Riesz basis
of Sj. Functions ¢ and ¢, are called scaling functions. Then there exists a sequence {h},cz
such that

$(x)=> ho(r—k), zeR, (4)
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This equation is called a refinement or a scaling equation and the coefficients hy are known as
scaling or refinement coefficients. These coefficients form filters used in the discrete wavelet
transform. The dual scaling basis ¥ is also formed by translations and dilations of one function
QNS. A dual scaling equation and dual scaling coefficients hy, are defined in a similar way as in the
primal side.

We define wavelet coefficients as gn := (—1)" hi_p, and g, = (—1)" hi_,. Wavelets are then

given by ) )
6@ =Y gad2r—n), D)= Gnb@z-n), zeR (5)

neZ neL



Figure 1: Cohen-Daubechies-Feauveau 9/7 scaling functions and wavelets.

In this paper, we focus on Cohen-Daubechies-Feauveau 9/7 wavelets from [3]. Their polynomial
exactness is four both on the primal and the dual side. Figure 1 shows the graphs of scaling
functions and wavelets.

4 Construction of a Primal Scaling Basis

We consider the scaling function from [3], its support is [—3,3]. Therefore the support of ¢;
is contained for some k in the interval [0, 1] only for j > 3. For this reason the coarsest level of
the primal scaling basis is three and in the following we always assume that j > 3. We define
inner scaling functions as translations and dilations of the primal scaling function ¢ from [3]:

oin () =212 (Px — k), z€[0,1], k=4,...27 -2 (6)

We define the boundary scaling functions in order to preserve the polynomial exactness of order
four by the similar way as in [1, 4]:

—1
i (1) =22 3" M6 (2x—1), x€0,1], k=0,...,3,

I=—5
where -
Mk,l::/ pp(x)p(x—1)dx, k=0,...,3, (7)
—00
and py,...,ps is a basis of P53 ([0,1]). As in [8] we choose Bernstein polynomials, because they

lead to better conditioned resulting primal scaling basis than monomials. Bersteins polynomials

are given by:
3
i () ::c_3<k>:vk(c—:r)3_k, reR, k=0,...,3. (8)



The choice of parameter ¢ affects the condition number of the resulting basis. By numerical
experiments we found that ¢ = 3 is an appropriate choice. The boundary functions at the right
boundary are defined to be symmetrical with the left boundary functions:

Gj () = jnig x(1—2), x€[0,1], k=2"-1,...,27 2. (9)
We normalize primal scaling functions ¢;; with respect to the L?-norm.

5 Construction of a Dual Scaling Basis

The desired property of the dual scaling basis P is biorthogonality to ® and polynomial exactness
of order four. Let ¢ be a dual scaling function which was designed in [3]. Its support is [—4, 4].
We define inner scaling functions as translations and dilations of ¢:

0 (x):=212¢ (P —k), z€0,1], k=5,...27 3. (10)

There will be two types of basis functions at each boundary. Basis functions of the first type
are defined to preserve polynomial exactness:

-1
Ok (x) =217 My, ¢ (P2 —1), zel0,1], k=0,...,3

I=—7
where
~ oo
Mk,l Z:/ ﬁk (a:)cb(:u—l)d:c, kZO,...,3, (11)
—0oQ
and Py, ..., ps are Bernstein polynomials for parameter ¢ = 1.2.

We define the basis function of the second type by

8
Oja(x) =273 Mo (Pr+2-1), z€(0,1].
=2

Then 6} lies in the linear span of {9j+1,k k=0,...,27 + 2} and therefore the nestedness of
multiresolution spaces is preserved.

The boundary functions at the right boundary are defined to be symmetrical with the left
boundary functions:

O (1) = Ojoi0 i (1—2), x€[0,1], k=2 —2,..2+2 (12)

Since the set ©; := {Qj,k tk=0,...,27 + 2} is not biorthogonal to ®;, we derive a new set &)j
from ©; by biorthogonalization. Let Q; := ((¢jk,0;1))y =g 9i o Viewing ®; and O, as column
vectors we define éj = Q;T@j. Then (:T?j is biorthogonal to ®;. The biorthogonalization matrix
can be computed by the method from [6].

Due to the length of support of primal scaling functions, the refinement matrix M, o has the
following structure:

My,




where A; is a matrix of the size (2j+1 — 5) X (2j — 5):

ho hi hy ... h¢ O 0 0 ... 0\
A 1 0 0 h() e h4 h5 hﬁ 0 ... 0 14
0O 0 0 0 ... 0 hyp -+ hs hg
where hyg, ..., hg are the scaling coefficients corresponding to ¢. The matrices M and Mg

contain boundary filters. They can be found by the same method as in [5]. The refinement
matrix M corresponding to ® has the similar structure.

Our next goal is to determine the corresponding wavelets. We follow a general principle called
stable completion which was proposed in [2]. We found the initial stable completion by the
method from [8].

The condition numbers of constructed bases are:

cond®g = 22.3, cond®g = 32.1, cond¥g = 14.4, cond¥y = 22.2. (15)

Acknowledgements The first author has been supported by the project ESF ”Constitution
and improvement of a team for demanding technical computations on parallel computers at TU
Liberec” No. CZ.1.07/2.3.00/09.0155 . The second author has been supported by the internal
grant SGS-TUL 174/2010 of Technical University of Liberec. The authors thank J. Cevelikova
and R. Turkova for performing numerical experiments.

References

[1] ANDERSSON, L.; HALL, N.; JAWERTH, B.; PETERS, G. Wavelets on Closed Subsets
of the Real Line. In: Topics in the Theory and Applications of Wavelets, Academic Press,
Boston, 1994, pp. 1-61.

[2] CARNICER, J.M; DAHMEN, W_; PENA, J.M. Local Decompositions of Refinable Spaces.
Appl. Comp. Harm. Anal., vol. 3, 1996, pp. 127-153.

[3] COHEN, A.; DAUBECHIES, I.; FEAUVEAU, J. C. Biorthogonal Bases of Compactly Sup-
ported Wavelets. Comm. Pure and Appl. Math., vol. 45, 1992, pp. 485-560.

[4] COHEN, A.; DAUBECHIES, I.; VIAL, P. Wawvelets on the Interval and Fast Wavelet
Transforms, Appl. Comp. Harm. Anal.; vol. 1, 1993, pp. 54-81.

[5] CERNA; D., FINEK, V. Construction of Optimally Conditioned Cubic Spline Wavelets on
the Interval. Adv. Comput. Math., vol. 34, 2011, pp. 519-552.

[6] CERNA; D., FINEK, V. Computation of Biorthogonalization Matrices for Spline Wavelet
Bases on the Interval. Accepted in APLIMAT - Journal of Applied Mathematics, 2011.

[7] DAHMEN, W.; KUNOTH, A.; URBAN, K Wauvelets in Numerical Analysis and Their
Quantitative Properties. In: Surface Fitting and Multiresolution Methods, vol.2, 1997, pp.
93-130.

[8] DAHMEN, W.; KUNOTH, A.; URBAN, K Biorthogonal Spline Wavelets on the Interval -
Stability and Moment Conditions. Appl. Comp. Harm. Anal., vol. 6, 1999, pp. 132-196.

[9] PRIMBS, M. New Stable Biorthogonal Spline-Wavelets on the Interval. Result. Math., vol.
57, 2010, pp. 121-162.



Dana Cernd

Department of Mathematics and Didactics of Mathematics
Technical University in Liberec

Studentskad 2

Liberec 461 17, Czech Republic

dana.cerna@tul.cz

Vaclav Finék

Department of Mathematics and Didactics of Mathematics
Technical University in Liberec

Studentska 2

Liberec 461 17, Czech Republic

vaclav.finek@tul. cz



